Abstract. We characterize the generalized Auslander-Reiten duality on the category of finitely presented modules over some certain Hom-finite category. Examples of such category include FI and VI.
Lemma 2.1. For any M ∈ Mod C and a ∈ C, there exist natural isomorphisms Hom C (C(a, −), M ) ≃ M (a) and Hom C (M, DC(−, a)) ≃ DM (a).
Given a collection A of C-modules, denote by add A the full subcategory of Mod C formed by direct summands of finite direct sums of objects in A. Set proj C = add {C(a, −)|a ∈ Ob C} and inj C = add {DC(−, a)|a ∈ Ob C}. We observe that the restriction of D gives a duality D : proj C → inj C op . A morphism f : M → N of C-modules is called right minimal if any endomorphism g ∈ End C (M ) with f • g = f is an isomorphism. Dually, f is called left minimal if any endomorphism h ∈ End C (N ) with h • f = f is an isomorphism.
Let M be a C-module. A right minimal epimorphism P → M with projective P is called a projective cover of M . A left minimal monomorphism M → I with injective I is called an injective envelope of M . We mention the fact that each C-module admits an injective envelope; see [AF74, Theorem 18.10] We call M finitely generated if there exists an epimorphism f : P → M with P ∈ proj C; call M finitely presented if moreover Ker f is finitely generated. We denote by fg C the category of finitely generated C-modules, and by fp C the one of finitely presented C-modules.
Dually, we call M finitely cogenerated if there exists a monomorphism g : M → I with I ∈ inj C; call M finitely copresented if moreover Cok g is finitely cogenerated. We denote by fcg C the category of finitely cogenerated C-modules, and by fcp C the one of finitely copresented C-modules.
We observe that the restrictions of D give dualities D : fg C → fcg C op and D : fp C → fcp C op . It follows that each finitely generated C-module M admits a projective cover. Indeed, if f : DM → I is an injective envelope in Mod C op , then Df : DI → M is a projective cover.
Lemma 2.2. The categories fg C and fcg C are Hom-finite Krull-Schmidt.
Proof. We observe that N (a) is finite dimensional for any a ∈ C if N ∈ fg C or N ∈ fcg C. If P → M is an epimorphism with P ∈ proj C, then Hom C (M, N ) is finite dimensional since so is Hom C (P, N ). If M → I is a monomorphism with I ∈ inj C, then Hom C (N, M ) is finite dimensional since so is Hom C (N, I). Then the result follows from [Kra15, Corollary 4.4].
For each C-module M , we denote by M * the C op -module given by
Here, the left arrow is the Yoneda embedding. For each morphism f : M → N of C-modules, we let f * : N * → M * be the morphism of C op -modules given by
for any a ∈ Ob C. Then we obtain a contravariant functor
We mention that (−) * is left exact, since Hom C (−, C(a, −)) : Mod C → Mod k is left exact for any a ∈ Ob C. We observe by Yoneda's lemma the duality
Stable categories.
Recall from [LZ04, Section 2] that in a k-linear abelian category A, a morphism f : X → Y is called projectively trivial if for any Z ∈ Ob A, the induced map Ext
is the zero map. We mention that f is projectively trivial if and only if it factors through every epimorphism (1) If there exists an epimorphism g : P → Y with projective P , then f is projectively trivial if and only if it factors through g. (2) If there exists a monomorphism g : X → I with injective I, then f is injectively trivial if and only if it factors through g.
Let X, Y ∈ Ob A. We denote by P(X, Y ) the k-submodule of A(X, Y ) formed by projectively trivial morphisms. Then P forms an ideal of A. The projectively stable category A attached to A is the factor category A/P. Given a morphism f ∈ A(X, Y ), we denote by f its image in A.
Dually, we denote by I(X, Y ) the k-submodule of A(X, Y ) formed by injectively trivial morphisms. The injectively stable category A attached to A is the factor category A/I. Given a morphism f ∈ A(X, Y ), we denote by f its image in A.
We mention that Ext We denote by Mod C the projectively stable category, and by Mod C the injectively stable category. For any C-modules M and N , we denote Hom
2.3. Auslander-Reiten formula. Let δ : 0 → X → Y → Z → 0 be an exact sequence of C-modules. The covariant defect δ * and the contravariant defect δ * are given by the following exact sequence of functors
We mention that δ * vanishes on injectively trivial morphisms, and δ * vanishes on projectively trivial morphisms. Therefore, they induce the functors δ * : Mod C −→ Mod k and δ * : Mod C −→ Mod k.
For each finitely presented C-module M , we fix some exact sequence
Here, f 0 and f 1 : P 0 (M ) → Im f 1 are projective covers. We call Cok f * 1 the transpose of M , and denote by Tr M ; see [AR75, Section 2]. Moreover, we have a duality
Here, fp C is the full subcategory of Mod C formed by finitely presented C-modules. We mention that if M is an indecomposable non-projective finitely presented Cmodule, then Tr M is an indecomposable non-projective C op -module, and Tr Tr M ≃ M ; see [ARS95, Propositon IV.1.7].
We have the Auslander's defect formula; see [Kra03, Theorem] .
As a consequence, the Auslander-Reiten formula follows; compare [AR75, Proposition 3.1] and [Kra03, Corollaries].
Proposition 2.5. Let N be a C-module and M be a finitely presented C-module. Then there exist natural isomorphisms The following consequence gives a characterization for some morphism being projectively trivial or injectively trivial.
Corollary 2.6. Let M be a finitely presented C-module.
(1) A morphism f : M → N is projectively trivial in Mod C if and only if Ext
It is sufficient to show the sufficiency. We assume Ext
(2) It is sufficient to show the sufficiency. We assume Ext
2.4. Almost split sequences. Recall that a morphism f : M → N is called right almost split if it is a non-retraction and each non-retraction g : M ′ → N factors through f . Dually, f is called left almost split if it is a non-section and each nonsection
We deduce the existence of almost split sequences. It is a slight generalization of [ARS95, Theorem V.1.15].
Proposition 2.7. Let M be an indecomposable C-module.
(1) If M is finitely presented non-projective, then there exists an almost split sequence
(2) If M is finitely copresented non-injective, then there exists an almost split sequence
Proof. We only prove (1). We can choose some nonzero u ∈ D End C (M ) vanishing
We claim that f is right almost split. Indeed, f is a non-retraction since ǫ is non-split. Assume h : X → M is a nonretraction. Consider the commutative diagram
Hence, the pullback of ǫ along h splits. In other words, h factors through f . It follows that f is right almost split.
We observe that D Tr M is indecomposable, and hence End C (D Tr M ) is local. It follows from [Aus78, Proposition I.4.4] that ǫ is an almost split sequence.
3. Generalized Auslander-Reiten duality on fp C Let k be a field, and C be a k-linear Hom-finite category of type A ∞ such that Mod C is locally Noetherian.
Here, we call C of type A ∞ if Ob C = N with C(j, i) = 0 for any i < j; compare [GL15b, Definition 2.2]. In particular, C is small and skeletal.
Recall that Mod C is called locally Noetherian if any C-submodule of each finitely generated C-module is also finitely generated; see [Pop73, Section 5.8].
3.1. Finitely presented modules. Finitely presented C-modules admit some special properties when Mod C is locally Noetherian.
The following fact is well known.
Lemma 3.1. If Mod C is locally Noetherian, then fg C coincides with fp C, and is an abelian subcategory of Mod C closed under extensions.
Proof. Since Mod C is locally Noetherian, every finitely generated C-module is finitely presented. Then fg C and fp C coincide. We observe that fg C is closed under submodules and factor modules. It follows that fg C is an abelian subcategory of Mod C closed under extensions.
Recall that a C-module M is called finite dimensional if there exist only finitely many i ∈ Ob C with M (i) = 0 and these M (i) are finite dimensional. We denote by fd C the category of finite dimensional C-modules.
We mention the following observation.
Lemma 3.2. Finitely cogenerated injective C-modules are finite dimensional.
Proof. It is sufficient to show that DC(−, i) is finite dimensional for any i ∈ Ob C. We observe that the set of j ∈ Ob C with DC(j, i) = 0 is a subset of {j ∈ Ob C|j ≤ i} which is finite, since C is of A ∞ type. Since C is Hom-finite, each DC(j, i) is finite dimensional. Then the result follows.
As a consequence, we obtain the following fact.
Proposition 3.3. The categories fd C, fcg C and fcp C coincide, and are contained in fg C.
Proof. We observe by Lemma 2.1(2) that a finite dimensional C-module is finitely cogenerated. Assume C-module M is finitely cogenerated and f : M → I is a monomorphism with I ∈ inj C. Lemma 3.2 implies that I is finite dimensional. Then so is M . Hence fd C and fcg C coincide. We observe that Cok f is also finite dimensional, and hence is finitely cogenerated. It follows that M is finitely copresented. Then fg C and fcp C coincide, since fcp C is contained in fg C.
We observe by Lemma 2.1(1) that finite dimensional C-modules are also finitely generated. Then the result follows.
We observe by Lemmas 2.2 and 3.1 that fp C is a Hom-finite Krull-Schmidt abelian category. Then we can consider its stable categories. The first step is to study the projectively trivial morphisms and injectively trivial morphisms in fp C.
Lemma 3.4. Let f : M → N be a morphism in fp C.
(1) f is projectively trivial in fp C if and only if it is projectively trivial in Mod C. (2) If M ∈ fd C or N ∈ fd C, then f is injectively trivial in fp C if and only if it is injectively trivial in Mod C.
Proof.
(1) We observe that D Tr M is finitely copresented and then lies in fp C by Proposition 3.3. Then it follows from Corollary 2.6(1) that f is projectively trivial in fp C if and only if it is projectively trivial in Mod C.
(2) If N ∈ fd C, it is finitely copresented by Proposition 3.3. We observe that N is the direct sum of D Tr Tr DN and some injective C-module with Tr DN ∈ fp C. Then it follows from Corollary 2.6(2) that f is injectively trivial in fp C if and only if it is injectively trivial in Mod C.
If M ∈ fd C, its injective envelope in Mod C lies in fp C by Proposition 3.3. Then the result follows from Lemma 2.3.
As a consequence of Lemma 3.4, we have that fp C = fp C and fd C is a full subcategory of fp C.
Assume f : M → N is an injectively trivial morphism in fp C such that N ∈ fd C but M / ∈ fd C. We mention that f needs not factor through some injective object in fp C. But Lemma 3.4(2) implies that f is injectively trivial in Mod C. It follows from Lemma 2.3 that f factors through some injective C-module I. Here, I needs not lie in fp C.
There may exist some injectively trivial morphisms f : M → N in fp C, such that M, N / ∈ fd C. In this case, we have no idea so far.
Generalized Auslander-Reiten duality.
Recall from [Jia18, Section 2] that the generalized Auslander-Reiten duality on fp C consists of a pair of full categories (fp C) r and (fp C) l , and a pair of functors
Here, (fp C) r is the image of (fp C) r under the factor functor fp C → fp C, and (fp C) l is the image of (fp C) l under the factor functor fp C → fp C. The subcategories (fp C) r and (fp C) l are given as follows
We mention that (fp C) r and (fp C) l are both additive.
For any X ∈ (fp C) l and Y ∈ fp C, there exists a natural isomorphism
. For any Y ∈ (fp C) r and X ∈ fp C, there exists a natural isomorphism
Moreover, the functors τ and τ − are mutually quasi-inverse equivalences. They are called the generalized Auslander-Reiten translation functors.
We mention the following characterizations for objects in (fp C) r and (fp C) l ; see [Jia18, Proposition 2.4].
Lemma 3.5. Let X be an indecomposable object in fp C.
(1) If X is not a projective object, then X lies in (fp C) r if and only if there exists an almost split sequence ending at X. (2) If X is not an injective object, then X lies in (fp C) l if and only if there exists an almost split sequence starting at X.
Considering the above lemma, it is necessary to study the almost split sequences in fp C.
Lemma 3.6. An exact sequence in fp C is almost split if and only if it is an almost split sequence in Mod C.
Proof. The sufficiency is immediate. For the necessary, we assume
is an almost split sequence in fp C. We observe that N is a finitely presented nonprojective C-module. Then there exists an almost split sequence
in Mod C by Proposition 2.7(1). We observe that D Tr N is finitely copresented. Proposition 3.3 implies that D Tr N is finitely presented, and hence ǫ lies in fp C.
Then ǫ is an almost split sequence in fp C, and hence is isomorphic to δ. It follows that δ is an almost split sequence in Mod C.
The following result gives the generalized Auslander-Reiten duality on fp C. It is analogous to [Jia18, Proposition 4.4].
Theorem 3.7. Let C be a Hom-finite category of type A ∞ such that Mod C is locally Noetherian. Then Proof. We observe that projective objects lie in (fp C) r . Let M be an indecomposable non-projective object in fp C. Proposition 2.7(1) gives an almost split sequence
We observe by Proposition 3.3 and Lemma 3.1 that N is finitely presented. Then δ is an almost split sequence in fp C. Lemma 3.5(1) implies that M lies in (fp C) r . Then the first equality follows.
Dually, injective objects lie in (fp C) l . Let N be a finite dimensional indecomposable non-injective object in fp C. We observe by Proposition 3.3 that N is finitely copresented. Proposition 2.7(2) gives an almost split sequence starting at N , which lies in fp C. Lemma 3.5(2) implies that N lies in (fp C) l .
On the other hand, let N be an indecomposable non-injective object lying in (fp C) l . Lemma 3.5(2) implies that there exists an almost split sequence
in fp C. Lemma 3.6 implies that δ is an almost split sequence in Mod C. Since M is non-projective, we observe by Proposition 2.7(1) that N ≃ D Tr M and is finitely copresented. Proposition 3.3 implies that N is finite dimensional. Then the second equality follows.
We observe that fd C is a dense full subcategory of (fp C) l , since any injective object becomes zero in fp C. Then D Tr and Tr D induce functors
which are mutually quasi-inverse equivalences. Proposition 2.5 gives natural isomorphisms
for any M ∈ (fd C) l and N ∈ fp C. Here, we mention that Hom C (M, τ N ) is the Hom-set in Mod C by Corollary 2.6(2). Then the result follows.
Examples
Let k be a field. We will give some examples in this section.
4.1. Quivers. Let Q = (Q 0 , Q 1 ) be a quiver, where Q 0 is the set of vertices and Q 1 is the set of arrows. For any arrow α : a → b, we denote by s(α) = a its source and by t(α) = b its target. Every vertex a is associated with a trivial path (of length 0) e a with s(e a ) = a = t(e a ). A path p of length l ≥ 1 is a sequence of arrows α l · · · α 2 α 1 that s(α i+1 ) = t(α i ) for any 1 ≤ i < l. We set s(p) = s(α 1 ) and t(p) = t(α l Q(a, b) the set of paths p with s(p) = a and t(p) = b.
We can view Q as a small category. Assume Q 0 = N and Q(i, j) is a nonempty finite set and Q(j, i) = ∅ for any j > i ≥ 0.
Let C be the k-linearization of Q; see [GR92, Section2.1]. Then C is a k-linear Hom-finite category of type A ∞ . The category of representations of Q is isomorphic to Mod C. We will denote P a = C(a, −) and I a = DC(−, a) for any a ∈ Ob C. It is well known that Mod C is hereditary; see [GR92, Section 8.2].
We mention the following fact.
Lemma 4.1. The category fp C is a hereditary abelian subcategory of Mod C closed under extensions.
Proof. Let f : P → P ′ be a morphism in proj C. Since Mod C is hereditary, then Im f is projective. Therefore, the induced exact sequence 0 −→ Ker f −→ P −→ Im f −→ 0 splits, and hence Ker f ∈ proj C. Then the result follows from [Aus66, Proposition 2.1] and the horseshoe lemma.
We mention that Mod C needs not be locally Noetherian in general, even though fp C is abelian by Lemma 4.1. See the following example.
Example 4.2. Assume Q is the following quiver.
We have the injection (f 1 , f 2 , . . . , f i , . . . ) :
Here, f i is induced by α i . It follows that Mod C is not locally Noetherian.
Recall that Q is called uniformly interval finite if there exists some integer N such that |Q(a, b)| ≤ N for any a, b ∈ Q 0 ; see [Jiaa, Definition 2.3] . We have the following characterization. Proof. We observe that |Q(i, j)| ≤ |Q(i ′ , j ′ )| for any i ′ ≤ i and j ′ ≥ j. Then Q is uniformly interval finite if and only if {|Q(0, j)| |j ∈ Q 0 } is bounded.
If {|Q(0, j)| |j ∈ Q 0 } is bounded, there exists some n ∈ N such that |Q(0, n)| = |Q(0, i)| for any i ≥ n. For any i ≥ 0, we observe that dim P i (j) coincide for all j ≥ max {i, n}.
For any submodule M of P i , there exists some m ∈ N such that dim
We observe that
and M/M ′ is finite dimensional. It follows that M is finitely generated.
We observe that Noetherian property is closed under finite direct sums and factor modules. Then Mod C is locally Noetherian.
If {|Q(0, j)| |j ∈ Q 0 } is unbounded, we consider P 0 . There exists some i 1 > 1 such that |Q(0, i 1 )| > |Q(0, i 1 − 1)| ≥ 1. Moreover, there exists some i 2 such that |Q(0, i 2 )| > |Q(0, i 1 )|. Then at least two paths in Q(0, i 2 ) are not the form up 1 for any u ∈ Q(i 1 , i 2 ). We denote one of them by p 2 .
Inductively, for any j ≥ 2, there exists some i j such that |Q(0, i j )| > |Q(0, i j−1 )|. Then at least two paths in Q(0, i j ) are not the form up r for any 1 ≤ r < j and u ∈ Q(i r , i j ). Denote one of them by p j .
We then obtain the monomorphism
where f j is induced by p j . It follows that Mod C is not locally Noetherian.
We study the generalized Auslander-Reiten duality on fp C when Q is uniformly interval finite.
Considering [Jiab, Theorem 3 .10], we obtain the following characterization of indecomposable injective objects in fp C.
Lemma 4.4. If Q is uniformly interval finite, then
is a complete set of indecomposable injective objects in fp C.
Then we can make the subcategory (fp C) l more explicit.
Proposition 4.5. Assume Q is uniformly interval finite. Then
Proof. We observe by Theorem 3.7 that an indecomposable object in (fp C) l is finite dimensional or is an injective object in fp C. Lemma 4.4 implies that an indecomposable injective object in fp C is either P 0 or I a for some a ∈ Q 0 . Since every I a is finite dimensional, then the equality follows.
Example 4.6. Assume Q is the following quiver.
We observe that Q is uniformly interval finite. Then Mod C is locally Noetherian by Proposition 4.3. For any j ≥ i ≥ 0, we denote the indecomposable C-module
is a complete set of indecomposable C-modules, and X 0j ≃ I j for any j ≥ 0. It follows from Theorem 3.7 and Proposition 4.5 that
4.2. FI and VI. Assume the field k is of characteristic 0. Recall that FI is the category whose objects are finite sets and morphisms are injections, and VI is the one whose objects are finite dimensional linear spaces and morphisms are linear injections over a finite field. Let G be a finite group. Recall from [GL15a, Definition 1.1] that FI G is the category whose objects are finite sets, and FI G (S, T ) is the set of pairs (f, g) where f : S → T is an injection and g : S → G is an arbitrary map. The composition of (f, g) ∈ FI G (S, T ) and (f ′ , g ′ ) ∈ FI G (T, T ′ ) is given by
where g ′′ (x) = g ′ (f (x)) · g(x) for any x ∈ S. We observe that FI G is isomorphic to FI if G is trivial group.
Given a skeleton of FI G (or VI), we will denote every object by its cardinal (or dimensional) n ∈ N. Let C be the k-linearization of the skeleton. Then C is a k-linear Hom-finite category of type A ∞ . The category of FI G -modules (or VI-modules) over k is isomorphic to Mod C.
The following result follows from [GL15b, Theorem 3.7].
Lemma 4.7. The category Mod C is locally Noetherian.
We study the generalized Auslander-Reiten duality on fp C. The following result characterize injective objects in fp C; see [GL15a, Theorems 1.5 and 1.7] and [Nag, Theorems 1.9 and 5.23].
Lemma 4.8. Every finitely generated projective C-module is an injective object in fp C, and every indecomposable injective object in fp C lies in either inj C or proj C.
The above fact implies that any projectively trivial morphism in fp C is also an injectively trivial morphism in fp C. Therefore, fp C is a factor category of fp C. But, Theorem 3.7 implies that fp C is equivalent to the full subcategory fd C of fp C. It is somehow surprising.
We can make the subcategory (fp C) l more explicit.
Proposition 4.9. Let C be the k-linearization of a skeleton of FI G or VI. Then (fp C) l = add (fd C ∪ proj C) .
Proof. We observe by Theorem 3.7 that an indecomposable object in (fp C) l is finite dimensional or is an injective object in fp C. Lemma 4.8 implies that an indecomposable injective object in fp C lies in either inj C or proj C. Since inj C is contained in fd C, then the equality follows.
